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Abstract 

Discussions are made on the relationsliip between physical states and gauge independence in 
QED. As the first candidate take the LSZ-asymptotic states in a covariant canonical formalism 
to investigate gauge independence of the (Belinfante's) symmetric energy-momentum tensor. 
It is shown that expectation values of the energy-momentum tensor in terms of those asymp- 
totic states are gauge independent to all orders. Second, consider gauge invariant operators of 
electron or photon , such as the Dirac's electron or Steinmann's covariant approach, expecting 
a gauge invariant result without any restriction. It is, however, demonstrated that to single 
out gauge invariant quantities is merely synonymous to a gauge fixing, resulting again in use 
of the asymptotic condition when proving gauge independence. Nevertheless, it is commented 
that these invariant approaches is helpful to understand the mechanism of the LSZ-mapping 
and furthermore of quark confinement in QCD. As the final candidate, it is shown that gauge 
transformations are freely performed under the functional representation or the path integral 
expression on account of the fact that the functional space is equivalent to a collection of in- 
finitely many inequivalent Fock spaces. The covariant LSZ formalism is shortly reviewed and 
the basic facts on the energy-momentum tensor are also illustrated. 
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1 Introduction 



Symmetries play an important role in physics. In the usual situation, invariance, once accepted, 
should be maintained throughout the story. However gauge symmetry in quantum field theory 
(QFT) has a rather different scenario: classically electric and magnetic fields are gauge invariant 
but quantization has to be carried out in terms of gauge potentials by fixing a gauge according 
to a standard recipe such as Dirac's for instance. Start with a classical Lagrangian, follow the 
canonical procedure until setting up the Dirac bracket then utilize the corresponding principle 
to obtain quantum theory. Accordingly each quantization in various gauges be carried out in a 
different Fock space, so what do we mean by "gauge invariance" of the S-matrix or expectation 
values of observables after quantization? Moreover in order to get a representation in QFT, it 
is unavoidable to introduce asymptotic fields, satisfying linear hyperbolic field equations as well 
as being gauge invariant. Then how to bridge between asymptotic fields and the Heisenberg 
fields (the LSZ-mapping) satisfying nonlinear equation in a fixed gauge? 

A way for proving gauge independence of, for instance, the S-matrix, has so far been to 
show it under the perturbation theory with the use of a gauge dependent photon propagator 
[p. There takes part a notion of physical states, such as the on-shell condition for electron or 
the photon polarization condition. An ambitious trial is to introduce gauge invariant fields for 
electron and photon |3|, ^ ^, ^, expecting a fully gauge invariant result without any conditions. 
The approach furthermore leads us toward the understanding of the issue of quark confinement 
0] . Apart from these, the most widely adopted method of proving gauge independence is that 
of functional integration Q: start with some gauge by inserting the delta- function into path 
integral and move to another gauge by means of the change of variables. However, as for the 
authors' knowledge, there seems almost no clarification of this fact. 

In this paper, we first study gauge independence of the energy-momentum tensor in a co- 
variant canonical formalism. Reasons for taking this issue are as follows: 

• (a) There have been trials for proving gauge independence of the S-matrix Q but seems 
very few for checking that of energy-momentum or the energy-momentum tensor. Needless 
to say that energy-momentum must be gauge independent and so should be the energy- 
momentum tensor coupled to gravity. Furthermore the energy-momentum tensor is a 
good object to check some invariance; since it is a composite operator so if higher order 
corrections are taken into account there sometimes emerge serious problems which cannot 
be seen in a formal discussion Q: the self-stress problem of electron or the trace 



anomaly |11] is well-known. Freedman et al. [12| studied that for tadpole contributions 
of the energy-momentum tensor in the scalar QED but they do not make any explicit 
calculation for other parts. 

• (b) It is preferable to utilize the covariant formulation under the perturbation theory so 
that the covariant LSZ-formalism ||l^ must be suitable. It is then necessary to impose 
physical state conditions and check whether those give us a gauge independent result. 

To make the situation clearer consider the canonical energy-momentum tensor: 

T.^^T.9^f^r-9,.C. (1.1) 

In terms of the (classical) Lagrangian 



= ( ^ P-m\ - (1.2) 
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with 

^ ' (1.3) 

it reads 

T'^u = V^^Tm S V' - i^MP^-^" - 9f.uCc (1.4) 

which is apparently gauge variant, contrary to the Belinfante's symmetric energy-momentum 
tensor, 

= (7^ i' - Ff^pFu" - g^uCc , (1.5) 

considered as the source of gravity, except for the scalar case in which an improvement must be 
necessary j^. However there is no problem for energy-momentum: as is weh-known from the 
process of construction, difference is given by the total derivative, T^^ = + dfX\^p^^T^y (with 
p, iJL being antisymmetric) , then 

P^ = j d^x T^^ = J d^x ©S^. (1.6) 

Therefore energy-momentum itself and the Belinfante tensor is gauge invariant and can be 
considered as observables classically. 

The quantum Lagrangian is, due to Nakanishi and Lautrup |14], 

C = C, + Cgf = ^(^^ P-m}j - ^F^.F'^" - A^'d^B + "^B^ (1.7) 

with 

CGF^-A^^dpB + ^B\ (1.8) 

where B is an auxiliary field, called the Nakanishi-Lautrup field, and a is the gauge parameter. 
Although gauge has been fixed we are left with the BRS-symmetry |15, 

5bA^j, = d^c, 6bc = 0, 6bB = 0, Sec = -iB, 

— — (1-9) 

SbiP = iecip, Sstp = —iecip, 

with c(c) being the Faddeev- Popov ghost (anti-ghost). This keeps the following Lagrangian 
intact: 

£ + Cfp = Cc + Cgf + Cfp, (1.10) 

with 

£pp = id^cd''c. (1.11) 

Note that 

Cgf + Cfp = Sp^i^cB - id^cA''^ . (1.12) 

Thus gauge symmetry has been taken over by the BRS symmetry in quantum theory. The 
generator is called the BRS charge, Qp', 

[A^,Qp]=idBA^, {^,Qp} = i5Bij, ■■■ (1-13) 

which gives a physical state condition: 

QBlphys)^ = 0. (1.14) 



3 



(Here ({a, 6}) [a, 6] is the (anti-)commutator.) Since the canonical energy-momentum tensor is 
not observable even classically, we only concentrate on the Belinfante's one given as 



0" + 



OL 



which is, of course, BRS invariant; 



. 



In view of (p^ ) and (p^ ). 



.{phys'\0y,y\phys)j, = B{phys'\0'au\phys) 



(1.15) 



(1.16) 



(1.17) 



So when sandwiched between properly chosen physical states obeying ( 1.14 ), the expectation 
value of the symmetric energy-momentum tensor would become gauge independent provided 
that higher orders make no harmful effects. 

In order to check this, we work with the perturbative method in the covariant formalism to 
calculate expectation values of the energy-momentum tensor in terms of the loop expansion in §2 
and convince ourselves of gauge independence (BRS invariance) to all orders. Main machinery is 
the Ward-Takahashi relation with the aid of the dimensional regularization which does not break 
the Poincare as well as the gauge invariance and is handier than the Pauli-Villars regularization. 

We then discuss about gauge invariant operators, expecting that the result would be gauge 
(BRS) invariant unconditionally. However, from the discussion of §3, we recognize that pick- 
ing up gauge invariant operators for basic fields, that is, for electrons and photons, is merely 
synonymous to gauge fixing so that we again need physical state conditions to prove gauge 
independence. We argue the LSZ-mapping in terms of these invariant fields also in §3. 

There is another physical state frequently adopted; the Gauss's law constraint in the vIq = 
gauge, 



(^{x)\phys) 



■ 3 

E 

.k=i 



{dkEk{x)) + Jq{x] 



\phys) = 0, 



(1.18) 



where Ek{Jo) is the electric fields (the charge density). According to the common sense in 
QFT ijl^ ( |1.18| ) implies <I>(a;) = 0, but there have been a number of discussions in terms of 
this method. In §4 we clarify the reason by means of the functional representation. Also on 
account of that we can build up the path integral formula starting from the Coulomb gauge and 
prove gauge independence more rigorously than the previous work Q. The final §5 is devoted 
to discussion. In Appendix A, we review the covariant LSZ formalism, and in Appendix B we 
study the violation of the Ward-Takahashi identity for the energy-momentum tensor and then 
perform an explicit renormalization for the energy-momentum tensor to illustrate that the usual 
procedure does indeed work well. 



2 LSZ and the Energy-Momentum Tensor 

In this section in order to examine gauge independence of the expectation value we apply the 
covariant LSZ formalism to the energy-momentum tensor and demonstrate that asymptotic 
states can indeed be interpreted as physical states and there is no harmful contribution from 
higher orders. 
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2.1 Physical States in the LSZ formaUsm 

Start with a discussion on physical states in the LSZ formahsm. Details must be seen in 
Appendix A. In view of the BRS invariant Lagrangian, 

C + CFP = i^('- ^-m] i, - If^.F^-' - A^'d^B + ^B^ + id^W^'c, (2.1) 



the ghosts are free, Dc = Dc = 0, all the time so that we can reduce physical state \phys)g 
( 1.14| ) to a simpler form: first decompose the total space such that [16| 

V®|0)^p (2.2) 

where \0)pp is the vacuum of the FP ghost sector and V is the remainder. QB\phys) ^ = 0, 
( 1.14| ), then implies 

QB\phys)g = Qb \phys) \0)pp = i j d^qBq \phys) ® c\ \0)pp = , (2.3) 

where the BRS charge has been given by 

QB = iJ d^^q [c\Bq - 4cq] (2.4) 

with Cg(cg) and Bq{Bq) being the creation (annihilation) operator of the ghost and the B field 
respectively. From ( ^ ) physical state in this reduced space reads Bq \phys) = , giving [14| 

B^^\x)\phys) =0 . (2.5) 
Thus throwing away the ghosts in ( ^.iD we begin with 



£ = Q P-mj ij - -F^uF'^'^ - A^'d^B + ^B\ (2.6) 

Since B{x) is free, \2B{x) = 0, it goes to the asymptotic field itself:i?(x) — > ' B'^^{x) , 

where "as" designates the asymptotic field (in or out), so that the physical state reads 

B'''^+\x)\phys-as) =Q . (2.7) 

The commutation relations with respect to -B, 

[ A^{x) , B{y) ] = -i dlD{x -y) , [ B{x) , B{y) ] = , (2.8) 

trivially become 

[A1'{x),B-\y) ] = -idlD{x-y) , [ B^^x) , B'^' {y) ] = , (2.9) 
but those with electrons 

[B{x),il:{y)]=e^{y)D{x-y) , [B{x) ^li^iy) ] = -e^{y)D{x - y) , (2.10) 
would become 

\B-%x),r'{y) ] = , [B-'{x),-^''\y) ] = ; (2.11) 
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since the interaction should fade away in the asymptotic region. If we admit ( |2.11| ) asymptotic 
states of electron would all be physical, that is, 'ip"''^{y) is BRS invariant. As for those of photon, 
the -B-state 

\q-as)^Bf\0) , (2.12) 
is physical owing to the second relation in (l2.9|) , but 



(2.13) 



with Aq'^'' (^A'q„^ being the creation (annihilation) operator of photon needs an additional con- 
straint to be physical. Introduce the photon wave functions, {hqf'{x)}, {fqfix)}, defined 
through 

□ /lq/(x) = fqfix) ; □/q/(x) = 0; 

those which are related each other: 



(2.14) 
(2.15) 



Write the Fourier transformation as 



(2.16) 



where (pq{p)^s are some orthonormal set and £,a^ip) is the photon polarization vector satisfying 



ea^(p)Crjp) 



/ 1 



V 



-1 / 



(2.17) 



where the repeated indices imply a summation. The physical state condition for (2.13) then 
gives 



i?-W(x) \qa;as) = [B'^<+\x) t ] |o) = d.fqfix) |0) ^ fqAx) |0) [-^ 

where use has been made of the first relation in ( |2.9| ). Thus 

IqAx) = d^fqfix) = . 
Note that the transversal condition of photon, 

3 

fqa{x) = 0, as weh as ^ Vifqa{x) = , 

1=1 

belongs to ( p. 19 ). In terms of the momentum representation, ( 2.1S| ) turns out to be 

P^.Ca^{P) = . 



(2.18) 



(2.19) 



(2.20) 



(2.21) 



Note that there remain only two components out of 16 ^o-'^(p)'s; since there are 10 orthonormal 
conditions, ( |2.17| ), together with 4 physical state conditions, ( 2.21 ), leaving us two components. 
(Notations and further details should be consulted for Appendix A.) 
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The LSZ reduction formula of some operator O for photon reads, for example, as 
{qa;out\T{A^{y)O)\0) 

fd^x{fqr{x)D^{0\T{A^{x)A,iy)O)\0) (2.22) 

-(i-«) [h*Ax)n' + fqrix)d^^] {o\TiB{x)AAy)0)\o)} , 

where h q^{x ) = d^hqf*{x). Imposing the physical state condition ( p.l9 ) to ( 2.22| ) by the 
help of ( |2.15| ) and ( p. 201 ) we find that the S-containing term in the right hand side is dropped, 
giving a naive amplitude consisting solely of j4^'s. The reduction for electrons can be obtained 
in a usual manner. Accordingly the task is to calculate the vacuum expectation value of the 
energy-momentum tensor, 

9^"" = e^'' + , (2.23) 



where 

0^" = -Ff^PF^p - {Af" d^B + A" d^'B) - 
is the photon part and 

1 



-F^uF^'- - Ai'd^B + ^B 



(2.24) 



(2.25) 



is the (gauge invariant) electron part. Remove external legs from the vacuum expectation value 
and multiply photon wave functions, fqa{x)^s, or the free spinors, u{k'),u{k), to obtain the 
desired quantity; energy-momentum tensor in the physical state. 
It is convenient to introduce the generating functional such that 



exp 



iW[J^, J, 



exp 



iW[J,r^,T] 



T* exp 



|0) 



(2.26) 



from which we obtain the connected Green's functions. 



5" 



^T-,(0) 



i(5JAi (xi) • • •i(5JA„(x„) 



br]{yx) ■ ■ ■ Sr]{ym)Sr]{zi) ■ ■ ■ 5r}{zm) 



(o| r*0r (o)^Ai {xi) ■ ■ ■ A^s^Mvi) ■ ■ ■ HyM^i) ■ ■ ■ H^m) |o). 



(2.27) 



M (2^)^ t\ (2^)' (2^)^ 



xGr^--^"((7i, 



-i qjXj -i'^ihyi - pizi) 
j=i 1=1 

■ ■ ■ ) Qn ) ^1 ) ■ ■ ■ ) ) Pi 1 ■ ■ ■ ) Pm ) 



where T* designates a covariant T-product. Calculations are performed by means of the loop 
expansion. 

Our ingredients are summarized as follows: 
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(i) The physical state conditions: for photon 



For electron 



— m) u{p, s) = 
u{k, s) {Ji — m) = 



(2.28) 



(2.29) 



(ii) Dimensional regularization; which preserves both gauge symmetry and the Poincare 
symmetry. (Note that using a naive cutoff breaks the situation; see Appendix B.) 

(iii) The notion of finiteness of the energy-momentum tensor 12 1; under which we can 
proceed only with the unrenormalized form. Divergences can be subtracted in a gauge 
invariant way in anytime. (A short discussion on renormalization is seen also in Appendix 
B.) 



2.2 Tree Calculation 

The tree graphs give us basic vertices of the Feynman rule: 




k p 



Ji — m 



m 



(2.30) 



k 



P 



Ji — m 



m 



where the cross, "x" , and "IPI" designate the insertion of O^i, and the one-particle-irreducible 
part respectively. X^^'^'^{q,q') in ( p. 30 ) is explicitly given as 



X^-^-{q,q') ^ X'^''^^iq,q') - (q^X'^'''^iq,q')+q'^X'^''\q,q'))+aq\'^g 



where 



(2.31) 



(2.32) 



comes from FF term in ( p.24| ) thus is gauge invariant but the remaining terms are from AB 
and BB and then gauge variant: 



X^--{q, q') = {SliS-, + b^J^p - g^^gp.)qPd^%q') , 



(2.33) 
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where 



is the numerator of the photon propagator, 

Note that the transverseness of X^^^'^{q,q'), 

qxX>^'^''{q,q')=q',X^''^''{q,q') =0, 



(2.34) 



(2.35) 



(2.36) 



and the structure of gauge dependent terms: those depend on the external photon momentum 
as well as the index, i.e. , on q^^ and/or g''^, leaving no effect owing to the physical photon 

condition (p^). Gii^'^'^{q,q')^'^^ is therefore gauge independent. 



Next check Gi^{k,py^>: Y^"'{q) in ( pOD is given by 



mg' 



with 



(2.37) 



(2.38) 



According to our assumption, ( p.lOD to ( |2.11[) , there is no gauge dependence in the electron 
sector: Y'^'^ is gauge invariant so is G{^{k,p)^^\ 

The IPI part of G^^'^iq; k,p)^^\ Z^"'^{q) in (pISOp , is expressed, in terms of (^^), by 



Z^^^(g) = r>"'Pdp^{q) 
As is seen from Fig. 2 reducible graphs take part in 



(2.39) 



k 



P 



k 



P 



9YA 



Fig.2 




giving totally 
^ — m 



I 

ie 
7^ 



GZ'\q;k,p) 
V'^ik+p-q] 



(o)p — m 

i 
1 

^:r-^ — 

p — q — m 



+ ^ — m 



yf^'ik+p+q) - rf""^ 



ie{l — a)q'^ 



2\2 



Yf^'ik+p- 



— ^ — m 



{t^ — m) — (]k — m) 



Ji + ^ — m 



y^ik+p+c 



(2.40) 
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whose a-dependent terms vanish due to the factor or [Ji — m) as well as 
Finally '^(g; is also Erauge invariant: 



m 



—le 



q^{k — p) 

ie 



(2.41) 



since the second term in the right hand side again vanishes because of q'^ and — m) as well 
as — m) . (Recah that X^"'^P{q,q') is gauge invariant.) 

All the tree graphs coupled to physical states are thus gauge independent. 

2.3 One-loop Calculation 

G^'^-Mlq^q' f^ : contribut ions are from the graphs, pi and P2- 






Fig.3 



G^'''^''{q,q'f^ 



X^^^''{q,q')^n,„{q')^d^-{q') + -ld^P(q)n,^{q)-lx'^---{q,q' 



(2.42) 
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where nP"{q) is the vacuum polarization, 



nP^iq) = -e 
n{q) = -ie^ 



-tr 



1 



1 



7 



/I + ^ — m / — m 



(27r) 

2trl /■! 



'2 



m 



x{l — x)q 



2\ 2' 



(2.43) 



47r 



obeying the transversal condition: 

qpUP^q) = . (2.44) 

As was mentioned before, gauge dependent parts, in X^^'^'^ ( 2.31 ) and d^^ ( 2.34| ), are propor- 
tional to q^ and/or q"^, then they vanish on account of the physical photon condition ( p.28| ) 
when the momentum is external or of the transverseness of the vacuum polarization ( 2.44 ) when 
it is internal. 



where 



a{1) 



graphs are given in p-^ ~ • 



GZ^>^^{q,qT' ^ ^d\{q)n^^^-P'^{q,q')d,-{q')- 



,12 



(2.45) 



1 



tr 



+r 



/-//2-m ' /+//2-m 



/+^/2-m /-^/2-m 



-7' 



-r 



/l+4/2+^'/2-m 
1 



¥^"(21) 



1 



1 



(2.46) 



- 4/2 - tin -nP ^-^/2+ ti/2 - m 
1 1 



/ +6/2-^/2 - nP /L +^/2+ti/2 - m 



Y^"'{2l) 



/i-Al2-til2-va 



which is free from gauge dependence, reflecting the gauge independence of QP:^ . The only danger- 
ous part is therefore the gauge term in the propagators, d'^p{q),da'^{q'). However, nP^''^'^{q,q') 
has a remarkable property, 



qxnP--^^^{q,q')=q',nP'^-^^-{q,q')=Q 



(2.47) 



with which there remains no gauge dependence in ( p.45[ ). (Or the physical state condition for 
photon ( 2.28 ) also wipes out the gauge dependence in this case.) The relation ( 2.47] ) is easily 
recognized by means of a simple and straightforward manipulation such that ^ = (^ + ^/2 — 
m) — (I — ^/2 — m) or the Ward-Takahashi relation discussed below. 
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^^{k.p)^^^ : graphs are /i ~ h 



I 
I 




(A) 



p 




(A 



A; 



A; 



yg 




(A 




gi (/s; 



p 




yg 



(/4) 



ig 




(A 



p 



p 



Fig A 



^ — m 



m 



-le 



(Tl r 1 



(27r)" 1/2 



1 



— m 



7p-7p 



1 



^ — / — m 
1 



1 



7" 



-/I — m 



+7' 



^ — / — m 



Y^'^ik + p-ll)- 



-/ — m 



7p 



2^2 



— m) 



-/, — m 



-/ — m 



(2.48) 



The gauge dependence appears only in the last line whose first term, however, vanishes by 



the on-shell condition of electron (2.29) so does the second term owing to the property of the 
dimensional regularization: 



1 



(27r)" (P)^ 



; N: integer. 



(2.49) 



12 



(1) 



where 



there contributes only one graph, /g. 



le 



dJ'l 



1 



(27r)'^L2(L-Q)2 
d"/ 1 
(27r)-L2(L-Q)2 

X'^^''(g-L,L)(^-m) 



1 



ji + ^ — m 
1 



-7k 



-7k 



1 



m 



+ag 



m — (Ji — m) 



■ — m) 



2 ' 



Q = k - p . 



(2.50) 



(2.51) 



In the final expression, terms from the second to the last line are gauge dependent but the 
on-shell condition of electron wipes them out. 

Note that the important relations for obtaining the gauge independent results are ( 2.44 ) and 

( 2.47] ). We must discuss G^'^''^{q;k,p)^^^ to complete the one loop calculation. The scenario, 
however, can be realized and furthermore generalized to any order with the aid of the Ward- 
Takahashi relation. 



2.4 General Proof for Gauge Independence 



We here show that gauge independence of the energy-momentum tensor holds in any order 
of the loop expansion. However as is seen in the following, all photon lines can be treated as 
external and there needs only for considering the tree and the one loop graphs of electron. To 
grasp this we should note that 

• (a) All gauge dependent terms, in O^^ (, in view of X^^^'^{q,q') ( p. 311 ),) and the propa- 
gator ( ^.34| ), possess a momentum contractible with a vertex or a photon wave function. 
The latter vanishes trivially on account of the physical photon condition ( 2.28| ) so that 
we concentrate on the former. To check gauge independence is therefore to check the 
consequence of the photon momentum contraction to the vertex. The procedure is exactly 
the same as studying gauge independence of the S-matrix; in other words, checking the 
cancellation of gauge terms in the photon propagator [|l7|, |2| . 

• (b) On the other hand, the insertion of 0^ forms new types of graphs. However O'^ 
itself is gauge invariant so that gauge dependence lies in the photon propagator. Checking 
gauge independence is again realized by the same manipulation of momentum as in (a) to 
those new graphs. 

• (c) Because of the fact (a) any internal photon line can be cut out. Graphs that must be 
taken into account are therefore the tree and the one loop graphs of electron. 

The program is carried out by means of the Ward-Takahashi relation (WT) derived by applying 
the BRS transformation to the generating functional W ( |2.26| ) p6[| : 



(0| 



Qb,T* exp 



|0) = , (2.52) 
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which becomes in view of ( |1.13| ) and ( |1.9D 



W[J,ri,T]+ idPJp = . (2.53) 



In order to simphfy a discussion we further introduce the generating functional of photon am- 
putated Green's functions, 



r[A;r],T] = W[J,r],T]- J (fxJ^'{x)A^,{x)-j d^xJ{x)B{x) , 



where 



6W[J,v,t] 



5W[J,v,t] 



6J 



B . 



r also obeys WT obtaining from ( 2.53| ): 

r[A-'n,T]-iUB 



\'5f] '6ri) 6AP 

-i[bP^bl + b^J^^ - gP^gp,)dP{Tl,d'^B) = . 

Owing to the above discussion, we need only the tree F^^^ and the one loop r(i). 

©^'^-inserted part :a typical subdiagram is seen in Fig.5. 



(2.54) 
(2.55) 



(2.56) 



Fig.5 



From ( p6| ). 



* '5rj '6riJ 6Ap 



r[A;ri,T] 



. 



B=T=0 



Write the tree Green's functions of electron as 

/n n 



6r]{y)5r]{z) SAp{0)5Ap, (xi) ■ ■ ■ 6Ap^ {xr, 

permutation 



A=r]=T=o 

^ Qn 



Pn 



P 



(2.57) 



(2.58) 
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with q=p — k — J2Qj- Therefore WT reads 

q,FP'-P-{q, gi, • • • , g„; k,p) = -F'-P" {qi, ■ ■ ■ ^q^^k + q,p) + IP'-P"{qi, ■ ■ ■ , qn, k,p - q) (2.59) 

whose left hand side stands for the contribution from the gauge dependent part in the photon 
propagator. The LSZ amphtude is obtained by sandwiching ( 2.5S| ) with u{k,s){Ji — m) and 
(l^ — m)u{p,s'). The gauge dependent part is therefore becomes finally 



u{k, s)(fi - m)qpFP^'"P"{q, gi, • • • , g„; - m)u{p, s') 



(2.60) 



since the right hand side of ( |2.59| ) cannot escape the cancellation because of the momentum 
shift k + q oi p — q. 

For the one loop subgraphs define a Green's function, 



(,-er+'nPP^-P-{q,q^,-..,qn) 



n d^Xjexp[i^qjXj] 



E 

permutation 



A=ri=T=o 




(2.61) 



where q = —J2Qj- WT reads 

qpnPP^-P"{q,qi,---,qn)=0 
which tells us that gauge dependence also disappears. 



(2.62) 



©^'^-inserted part : there are two type of typical subdiagrams with a 0^ insertion in Fig. 8. 



Fig. 8 



In this case WT reads 



drj or] 



6AP 



Sr[A;ri,T] 



(2.63) 



15 



Define inserted Green's functions in the tree order: 

/n 1l 
d'^yd'^zd'^x Y[ d'^xj exp[iky — ipz + iqx + i ^ qj 



6^ 6 (^"+ir(o)[A;r/,r] 



6r]iy)5rj{z) 6t^M SAp{x)6Ap,{xi) ■ ■ ■ 6Ap„{x. 



- E E 

permutation all possible 

{(?)'(?0'- '(pn)} i^^^rtions of 

and in the one loop: 



A=r]=T=o 



(2.64) 



<ln 



Pn 



P 



A=r]=T=o 



E 



E 

permutation all possible 

{(?'l)' -'(?n)} i^s^rtions of 0^" 




(2.65) 



WT for /'^'^'s and il'^'^'s are given as the same as ( |2.59D and (|2.62| ) 



gp/'^"''"'^-^"(9,gi,---,'?n;A:,p) 

= -^'^^^-■■''"(gi, . . . + g,p) + /A'-;Pi-P"(gi, ...,q^;k,p 

q^n^'-;PP^-P-{q,q^,---,qn)=Q . 



(2.66) 



(2.67) 



(2.67) is considered as a generahzation of the previous relation (2.47). From ( p. 66 ) and ( |2.67| ) 
gauge dependence is wiped out again by a similar manner as in the ©^'^-inserted case. 



Needless to say, Gi^'''^{q;k,p)^^^ belong to the case (Q) and Gi^^'^{q;k,py"' to (gl3l ).We 
have now convinced ourselves that the energy-momentum tensor ( 2.23| ) is gauge independent 
under the LSZ-formalism, which, in other words, guarantees the passage from (^l0|) to (|1| 



The asymptotic electron field is therefore considered as gauge invariant but the relationship to 
the interpolating field is still unclear. 



3 Gauge Invariant Approaches 

According to discussions in the foregoing sections, the LSZ asymptotic states is gauge invariant 
with the use of the physical state conditions ( p. 28 ) and ( [2.291 ). However, it is preferable to 



introduce gauge invariant operators for photon and electron, which would guarantee gauge 
independence more directly. 



16 



To investigate that let us recall the gauge invariant quantities in (classical) electrodynamics: 
the minimal coupling term, 

ii{x)i-i^'{d^ - ieA^{x))i,{x) , (3.1) 

and the field strength tensor F^y{x). 

The gauge transformation is expressed as 



Af,{x) ^ Af,{x) + df,x{x) , 
^(x) ^ e'^^^^'^ix) , 
i^{x) ^ ^(x)e-*^^(^) . 
In terms of the components, the photon part of (|3.2| ) reads as 

Ao{x) ^ Ao{x) + x{x) , 
A{x) ^ A{x) - Vxix) . 

Now we decompose the vector potential A{x) into 

A{x) = ATix) + Al(x) , 



(3.2) 



(3.3) 



(3.4) 



where At(x)(Al(x)) denotes the transverse (longitudinal) component with respect to the 
derivative V; thus 

V • At{x) = , 

(3.5) 

V X Al(x) = . 



(3.6) 



In view of (|3.2| ), we then obtain the transformation rule: 

At(x) ^ At{x) , 
Al(x) ^ Al(x) - Vx(x) 



From this we recognize that the transverse part, AT{x),is gauge invariant ||^]. The vector V 
sets up a reference axis along which gauge invariant quantities can be constructed. In order to 
find other invariant quantities, let us go back to (3.1). First it should be noticed that 



i^inAx) = exp 



X 



Anvix) = tpix) exp 



dz ■ Al(x°, z) '4){x) , 

rX 

ie dz ■ Al(x'', z) 



(3.7) 



are gauge invariant under ( |3.3| ) and (|3.6D, path-independent owing to (|3.5|), (hence the beginning 
point of the integral can be arbitrary), and in fact local. This is essentially the Dirac's physical 
electron ||, Q; since 



Al(x) 



V— ^(x) , 



where 



so that 



1 /■oo 



becomes 



^?rw{x) = exp 



V A 



le- 



f{xo,y) 
\x - y\ 



ip{x) 



i^imrix) = V'(a;)exp 



V • A 



-le- 



(3.8) 
(3.9) 

(3.10) 
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which is the Dirac's electron. 

The minimal coupling term {3A) becomes 



X 



-i''\dQ-ie[Aa{x)+ / dz ■ Ai^ix" , z) ] \ + -y - [V + ieA^{x 



leading to the gauge invariant potential, 



, (3.11) 



(3.12) 



with A (x) = At(x), and 



c 

(x) = Ao{x) + dz- Al(x°, z) . 



(3.13) 



Apparently 

V-A°(x) = 0. (3.14) 

In view of ( ^.14 ) this is nothing but the Coulomb gauge. From this lesson, it should be 
recognized that to set up gauge invariant operators is nothing but to fix the gauge, whose result 
also can be seen in a covariant form by Steinmann We should use the terminology "BRS 
invariance" here instead of gauge invariance since we now move into quantum theory. The 
starting Lagrangian is the Nakanishi-Lautrup one (|l.7| ) and the BRS transformation is given 
by (^]^). (The Faddeev-Popov ghosts are irrelevant all the time in QED.) The BRS invariant 
fermion fields are thus defined by 



^(x) = ipfnA^) = exp 
^{x) = ipfn^ix) = V'(x) exp 
with a real distribution (j)^(x) satisfying 

d^rix) = 5\x) 

The minimal coupling term becomes 



ie dS<l)''ix-y)A^{y) 



V'(x) 



ie d^y<t>''{x-y)A^{y) 



(3.15) 



i^-m + eY j d!^y (t)^{x - y)F^^{y) 
so that the BRS invariant potential in the Steinmann's approach is 

Aj(x)^- [d^yr{x-y)F^,{y) 



•P'(x) 



(3.16) 



(3.17) 



A^{x)-dl d''y<l,''{x-y)A,{y) 



(3.18) 



{5l+iq,(t>\q)) d^e^'^yA.iy) , 



(2vr)4 

where use has been made of the Fourier transformation 



(2vr)' 



iqx 



(3.19) 
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According to the second expression in ( 3.18| ), it can be regarded that has been decomposed 
into the gauge invariant part, A'j^, and the variant part, A^{x); 



A,{x) = Af,{x) + A^ix) ; 
Mx)^d;JdSr{x-y)A,{y) , 

which corresponds to (p.4|). In this case, the reference vector is of course (j)^. 
( |3.16 ) imphes 

yielding to 

which furthermore leads to a projection property: 

[^i + iq.riq)) {^"x + iqx^iq)) = {s^x + ^qx^ 

If 



(3.20) 



(3.21) 
(3.22) 

(3.23) 

, , n-'v-uy, , (3.24) 

(|3.15| ) becomes the Dirac's electron ( 3.10 ) and ( ^.181) becomes (|3.12| ). Likewise, if the support 
of (f)'^ lies in a space-like region BRS invariant operators, ( p. IS] ) and ( p. 18 ), are well-defined by 
all means. On the contrary, if (/)^'s support includes a time-like region, the expressions for iZ^'s 
lose its meaning by themselves because of the non-commutativity of A's and ip. However, even 
in this case perturbation can lay down the definition: for example, considering the quantity. 



r{x) = (o. 



X 



(0| T*A'f>^' (xi) • • • A'l'^- {xn)^{yi) ■ ■ ■ ^{ymWiz,) • • • ^F(z^m) |0) , 



(3.25) 



in terms of perturbation, imparts a meaning to those BRS invariant operators, ( p. 251) can, 
however, be more simplified, in view of ( ^ISD , such that 



(0| T*A^' (:ei) • • • A^" {xn)^{yi) ■ ■ ■ ^{ym)^{zi) ■ ■ ■ W{Zrn) |0) 



(o| T*A^' (xi) • • • ixn)Hyi) ■ ■ ■ i^iymHizi) ■ ■ ■ i^iZm) 



(3.26) 



X exp 



ie (fs(pP{yi-s)Ap{s) 



exp 



ie d'^s(f)''{zm - s)Ap{s) 



|0) . 



Therefore the effect of the physical electron is solely found in the additional vertex, 0^-vertex 
as in Fig.ll. 



q 



-^e(j){-q) ^+9 



ie(j){-q) 



P 



Fig.ll 
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Furthermore by noting that iZ' simply turns out to be "0 under the loops, tree graphs of electron 
are only relevant. Especially for the two-point function, 

(0|r*lP-(y)^(z)|0) 



+ 






+ 



(27r)4' 

dH 



-ik{y-z) 



(3.27) 



^ — m 
i 



(27r)^ ^ — m — / — m ^ — m 



Note that the photon propagator has been replaced such that 



'dP%l) ^{/'^ + + ict^PilW - l'T(l){l)(t){l)] . 



(3.28) 



This is our statement: the a-dependent propagator turns into a (/^-dependent one. 

Similarly in a multi-point function ( ^.26 ), take a single fermion line to which n-|-l vertices 
are attaching. With regard to a special vertex p out of which the momentum q flows, there arise 
two new contributions from (j)^{q). In terms of the notations in the previous section 2.4 it gives 

+ie(t)P{q)i{-eTlP^-P^{qi, ■ ■ ■ ,qn;k + q,p) 
+i^-eriPi-P«^q^^ ...^q^.k,p- q)ieriq) 



E 



permutation i p 

{a)'te)-(rj} ^ 



+ E 

permutation 



pi 



,qn;k,p) 

^ Qn 



(3.29) 



Pn 



p 



Pi 



In 
-<- 



+ 



Pn 



P 



Pi 



Pn 



P 



where use has been made of WT about I's ( p. 59 ) to the second expression. By applying the 
same manipulation to each vertex, the n + 1-th photon amputated part of ( |3.26| ) becomes to 



(3.26) i{-er+^ (5{ + tr{q)q,) + t^' {qi)qi,^ } ■ ■ + (^n)?^, 

'^^'■■■^-{q,qir--,qn;k,p) 



(3.30) 
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Accordingly we find that each photon index, If " , is modified to (s^+i(j)P{q)q^^I'^"' as the result 
of adopting the gauge invariant electron ]P, which, combined with the photon part ( |3.18| ), leads 
us to the result that the photon propagator is modified to 



-^ 



^ ' (3.31) 

qv q^iqv 

where use has been made of the projection property ( p.22[) . As expected, gauge (a) dependence 
has been taken over by (p^. 

The covariant Landau gauge is realized by choosing as 

= ^ , (3.32) 



giving 



- 4 [9,^ - ^ ) • (3-33) 



9" V q 

Also the Coulomb gauge propagator is, in view of (|3.24|) , given, by choosing 

-il 
I 

as 



(/) = (0,— , (3.34) 



In this way, we have recognized that building up gauge (BRS) invariant electron and photon 
is merely synonymous to fixing the gauge. 

Although all the operators in the expectation value, 

(0| T&^^x)A'i^^' (xi) • • • A'f'^'\xn)^{y^) • • • ^{yrnW{^i) ■ ■ ■ ^{zm) |0) , (3.36) 

with 6"^'^(x) being given in ( ^.231) , are BRS invariant, the value itself depends thus on 0. Even 
in this invariant approach there still need the physical state conditions ( ^.28 ) and ( 2.29| ) for 
proving ^-independence of 0^'^{x). 

In spite of the fact that the BRS invariant electron and photon are not so useful for the proof 
of gauge independence, they serve us as a probe into the structure of the theory. For example, 
the LSZ-mapping is easily clarified with the aid of iZ': 

tp'(x) ^ Z]l'^i\)''\x) + higher orders , (3.37) 

together with the photon sector 

A^{x) ^ zH'^ A^\x) + higher orders , 

(3.38) 

B{x) ^ Z^^'^B^'ix) . 

Note that the relation ( ^.37 ) could be established with the aid of the invariant approach: since 
from (2.11) the asymptotic electron has been confirmed as BRS invariant. 

As was stressed before, if the support of (j)^ is space-like, like in the case of the Dirac's 
electron, ( 3.37| ) can hold as the (weak) operator relation. Therefore strictly speaking, we can 



declare that the LSZ-mapping can be confirmed only in the case of Dirac's electron. This fact 
also tells us that in QED electron can behave as observable, whose statement could then be 
generalized to QCD as a trial for illustrating the dynamical mechanism of quark confinement 
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4 Physical States in Functional Representation 



In this section we discuss other physical states in terms of the functional representation. Also 
by use of that we build up the path integral formula in the Coulomb gauge and make an explicit 
transformation to the covariant gauge. We clarify the reason for this ability. 



4.1 Other Physical States 

Consider Aq = gauge in the conventional treatment [20|: all three components A are assumed 
dynamical and obey the commutation relations, 

[i,(x),4(y)] = i6jk6{^-y), [i, (x), ifc(x)] = = [^,-(x), ifc(x)]; {j,k = 1,2,3) . (4.1) 



Here and hereafter the caret designates operators. The physical state condition (|1.18D is then 



^{x)\phys) 



J2 (dkEkix)) + Mx] 

k=l 



\phys) = , 



(4.2) 



where J^(x) is supposed as a c-number current. First this should be read such that there 
is no gauge transformation in the physical space. As was mentioned in the introduction, the 
representation of the physical state cannot be obtained within the usual Fock space since ^{x) 
is a local operator to result in ^{x) = |18], but can be in the functional (Schrodinger) 
representation |21]: 



A{x)\{A}) = A{x)\{A}) , E{x)\{E}) = E{x)\{E}) 

. 6 



{{A}\Eix) 



'6A{x 



(4.3) 



To see the reason take the states, |{A}), which can be constructed in terms of the Fock 

states. The creation and annihilation operators are given by 



A{x) 



— (a(fc)e'^'^ -L =>tci.A^-«fe-a;^ 



(27r)3/2y2yfc 



aJ{k)e- 



[aiik),aUk')] = 5ij6ik - k'), [a,{k),a,{k')] = , 



with the vacuum |0); 

a(k)|0)=0. 
Now recall the quantum mechanical case [p2|: 



(4.4) 



(4.5) 



k) = qk) , p\p) =p\p) 
1 



then 



V2 

\q) 
\P) 



P 



V2i 



a — a 



1 / /7T 

exp h vzqa 



7rV4 
1 



TT 



1/4 



exp I — — + V2?pa' H — 



a|0) = 
|0) , 

llo) . 



(4.6) 



(4.7) 
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These bring us to 



\{A}) ~ exp 



(fx (fy A{x)K{x - y)A{y) 



2|fc| 

(27r)' 



A{x)-ai\k)e 



ikx 



(4.8) 



(fk at(jb).at(-fc) |0) , 



where 



K{x) = 



Sk 



\k\e 



(4.9) 



(27r)3' 

which is apparently divergent so we must introduce some cut-off. The physical state in the 
functional representation is thus found as 



{{A]\^{x)\phys) 



-iV 



6A{x) 



J0{X) ^-physi^] = , 



(4.10) 



where 



^phys[A] ^ {{A}\phys) . (4.11) 

Now we can see the reason for having the physical state in this case. Within a single Fock 
state the physical state condition (4^) merely implies $(£c) = but the functional representation 
consists of infinitely many collections of inequivalent Fock spaces: since the inner product of 
|{A}) (|4.§|), to the Fock vacuum is found to be 



({A}|0) ~ exp 



exp 



(fx (fy A{x) K{x - y)A{y) 
(fk 



(27r)3 



\k\ A{k)A{-k) 



(4.12) 



0;V} 



when the cut-off becomes infinity. This happens in any value of A{x). Therefore (apart from the 
mathematical rigorousness of that) any local first class constraint can be realized by means of 
the functional representation. Furthermore the fact that the functional representation contains 
an infinite set of the Fock states enables us to perform an explicit gauge transformation and 
prove gauge independence without recourse to any physical state conditions. 



4.2 Proof of Gauge Independence by Path Integral 

Recall that the path integral formula can be obtained with the aid of the functional represen- 
tation. It then might be easily convinced that we can move freely from one gauge to another in 
the path integral |2^ . 

Take the Coulomb case. The Hamiltonian is given by 



H 



(fx 



^Et^ + ^(V^At)' + IJo^Jo 



J A 



(4.13) 



where the third term in the right hand side is the nonlocal Coulomb energy term with being 
assumed as c-number sources. The equal time commutation relations are 



[Mx),Ej{y)]=i 



x,y) = iP^j{x,y) , [A,Aj] = [Ei,Ej] = , (4.14) 
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where 



,(x,y)= Jd'k e^'^ (^-y) (<5., 



Jxi'iJxij 



which can be diagonahzed |24] by means of S such that 

1 



SPS^ = 

where T designates the transpose. ExpHcitly 



1 



(4.15) 



(4.16) 



0, 



rii 



'2i 



X n 



'3i 



IVI 



(4.17) 



where n is some vector perpendicular to V; V • n = 0. Owing to S two components can be 
picked out so that we can write (omitting the caret) 



and 

Also by noting that 
we obtain 



iSA)a = Aa , 



SE)a = Ea, (a = 1,2) 
: i5ab , {a,b = 1,2) . 

[Eaf , 



E P E 



H{t) 



(4.18) 

(4.19) 
(4.20) 
(4.21) 



where Ja = iSJ)a and to specify the explicit time dependence through the Coulomb energy 
term we have written the Hamiltonian as H{t). The summation convention for the repeated 
indices must be implied. 

The starting point of the path integral is ||2^ , 

(4.22) 



Z{T) = lim (I - iMHn) (I - iAtHN-i) •••(!- iAtHi) , 



where At = T/N and Hj = H{jAt). (Usually the Euclidean technique, T — > — iT, must be 



used ||2^ . Here in order to illustrate the way to get the path integral expression we keep i in the 
trace formula. Also to make a whole discussion well-defined it is necessary to discretize space x 
but in the following the continuum expression is employed only for the notational simplicity.) 
The essential ingredients^ are the functional (Schrodinger) representation ( |4.3|) together with 



VAa{x)\{A}){{A}\ 
VEa{x)\{E}){{E}\ 



I 
I 



(4.23) 



^Path integral expressions for relativistic field for instance, 4>{x), obtained via holomorphic (canonical coherent) 
representation ||2^ in terms of the creation and the annihilation operator a{k)\a(k), must suffer from nonlocality 
whenever going back to the (/>(a;)-representation, due to the mixing of particle and anti-particle. In order to get 
rid of this difficulty, we should start with the field 0(a:)-diagonal representation which is nothing but the fimctional 
Schrodinger one. 
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{{E}\{A}) = (U^^ exp [-Z J d'xEa{x)Aa{x) 



(4.24) 



whose (infinite) constant will be absorbed in the functional measure in the following. Inserting 
( 4.23| ) into ( [4.22 ) successively and using ( 4.24 ), we obtain the path integral expression, 



Z{T) = lim TT / VAa{x;j)VEa{x;j)exp iAt f (fx 
(Aa{x;j)-Aa{x;j-1)) i 



x\Ea{x;j)- 



At 



2 1/ ~ X 2 

+ -{ViAa{x;j) 



1 



1 



(4.25) 



VAa{x)VEa{x) exp 



i d^xl EaAa 



where we have again employed a continuous expression in the final line. (The periodic boundary 
condition Aa{x]T) = Aa{x]{)) is now irrelevant so we have not specified it.) Now inserting 

1 = j VA3VEs6{A3)6{Es) (4.26) 

into ( 4.25| ) and changing the variables to the original A and E in view of (4.17) and ( 4.18| ), we 
obtain 



Z{T) = VEVA (det V^)(5(V-i;)<5(V-A)exp 



; j (fx^E ■ A 
-{lE^ + hF,^f + lj,l^J,-J.A)] 



^2 4' ■" 2 "V 
With the use of Fourier transformation of the delta function, 

5{V-E) = j Vf3exp i j (fx (5 V-E 

the integration with respect to E can be performed to obtain 

Z{T) = JvAVf] (det V^)(5(V-A) 



(4.27) 



(4.28) 



X exp 



(4.29) 



Here by reviving Aq in the form of 



(4.30) 



the nonlocal (as well as instantaneous) Coulomb interaction is eliminated to leave the final form; 



Z{T) = J VA^ (detV2) ,5(V-A)exp -i j d^x[-J^,F^''' + J^" A^] 



(4.31) 
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Here using the relation, 



5(V-A) ~ lim exp 



-— I d\ (V-A) 



(4.32) 



to ( 4.31 ) then integrating with respect to the gauge fields we obtain 

Z{T) = exp \i [ d^x d^y J J'^(x)Z)^,(x - y)r{y) 



(4.33) 



where D^i,{x) is the Fourier transformation of the propagator (|3.35| ). 

It is now a simple task to go to another gauge [^. Suppose the new gauge condition is 
given by 

d^A'^ix) = fix) , 
where /(x) is an arbitrary function. The gauge transformation is 



In order to find such x{x)i fi^'st we rewrite ( ^.34| ) as 

A'oix) = fix) - V • A'ix) 
and substituting ( 4.35| ) into this to find 

nxix) = fix)-Aoix) . 

Thus the Jacobian is read as 



det ( - ^0 



□ 



det(-v2n-i) , 



giving 



VA^idetV'')5iV-A)=VA'^idetn)6id^A'-f) , 



where the minus sign in the determinant is irrelevant so we have dropped it. Therefore 
ZiT) = J VA^idei D)6id''A^ - /) exp -ij d^x{^F^,F^'•' + J^^^} 



(4.34) 
(4.35) 



(4.36) 
(4.37) 

(4.38) 
(4.39) 

(4.40) 



In this way, the gauge transformation in the path integral expression can be performed 
straightforwardly according to the fact that the functional representation has infinitely many 
inequivalent representations. 



5 Discussion 

In this paper, we recognize that the Belinfante's energy-momentum tensor is gauge independent 
for all orders under the LSZ asymptotic conditions in §2. Meanwhile, we know that to pick up 
the gauge invariant electron or photon is merely synonymous to fix the gauge: the transverse 
part. At, V - At = 0, is gauge invariant; which is equivalent to the Coulomb gauge. In this case, 
■0 itself becomes gauge invariant. It has been sometimes argued that gauge symmetry is not a 



symmetry rather a redundancy |26|. There need only two components but in order to recover the 
rotational as well as the Lorentz invariance, spurious two components have been added. These 
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spurious components move around under gauge transformations leaving the physical component 
unchanged. Therefore, our observation in §3 is natural; that is, picking up the gauge invariant 
quantities leaves the Lorentz or rotational non-invar iance. (If the Lorentz invariance is kept 
respectable, the negative metric must be introduced, so that operators themselves lose their 
significance without recourse to physical state conditions |p7|| .) The situation reminds us of that 
of lattice gauge theory in which the gauge invariance has been maintained at the sacrifice of 
the Lorentz (Euclidean) as well as the rotational invariance. The method provides us the non- 
perturbative treatment in a gauge invariant way, leading to confinement in terms of an area law 
[psj by the help of an analogy with the critical phenomena in statistical mechanics. However, 
more physical and concrete views must be necessary in order to understand the confinement 
problem thoroughly: for example, the existence of Dirac's physical electron assures us that 
there is no confinement in QED. Therefore if proof could be given in QCD that the physical 
quark fields cannot be built up, the issue is resolved. The Gribov ambiguity [|l9| would be the 
cornerstone of the proof: canonical commutation relations (as a result of gauge fixing) between 
gauge fields can only hold within some small region around a point, where the coupling constant 
is small enough. Enlarging the region, we see that there takes part another gauge configuration, 
bringing us to the impossibility of observing quarks |^ . 

According to the discussion in §4 the path integral formulation would be most suitable 
for treating gauge transformation; since infinitely many Hilbert spaces compose the functional 
representation which is the basic of the path integral formula. The issue is then how to patch 
those small regions together to cover the whole functional space. There might be some hints 
from the recent observations in quantum mechanics on nontrivial manifolds |29| and the path 
integral formula for a generic constraint [30|. 
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A The Covariant LSZ- Formalism in QED 

In this appendix we review the asymptotic behavior of photon fields and the LSZ reduction 



formula given by Nakanishi 1 13 1 for a self-contained purpose. 



A.l Asymptotic Photon Field 

In order to know the behavior of asymptotic fields, it is necessary to investigate the Heisenberg 
fields. Then start with the Nakanishi-Lautrup Lagrangian (|1.7D in a renormalized form. 



L = -IzsF^'^F^. + V(^ ?+ez|/ - m)^ - d^B + ^B^ , (A.l) 



27 



where all quantities have been assumed renormalized except m, and e, and Z3 is the wave 
function renormalization constant for photon. The equations of motion are 



where 



and 



UA^ -{I -a) d^B = , 
df'A^ + aB = , 
□ -6 = 0, 

= Zs--^j^ - (1 - d^B 



The four-dimensional commutation relations among A^'s and B are found as 

[A^{x),B{y)] = -id^^Dix-y) , 
[B{x),B{y)]=0 , 
[B{x),j^{y) ] = , 

where D(x) is the invariant delta function, 



(A.2) 

(A.3) 
(A.4) 



(A.5) 



D(x) = 



{2nfi 



(A.6) 



In order to obtain those for A^^s compute first {0\ jfj.{x)j,^{y) |0) and then utilize ( |A.2| ), ( [A? 
as well as 



' Ak{xo,x),Ai{xo,y) ] = -—9kiS'\x-y) , 

^3 



(A.7) 



to find H 



{0\[A,{x),A,{y)]\0) 

-i (g^,y -Kd^d^ D{x -y) + i{l-a) d^d^E{x - y) 

■ J ^dsa{s) (^g^y + 



A(x - y\ s) 



where 



K = — 



cr(s) 

as 



3 "'+0 s 

00 



/oo 
rO 

with cr{s) being the spectral function, and A(x; s) and E{x) are expressed as 

d'^p 



(A.8) 

(A.9) 
(A.IO) 



A(x; s) 
E(x) = 



{2TTfi 



s] e 



-ipx 



d'^p 
{2nfi 



(A.ll) 



da 
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Once the four-dimensional commutation relations is obtained, so can be those for the asymp- 
totic fields, A^'^{x), B"'^{x), by simply throwing away the continuous spectrum part in ( |A.5| ) 
and dAj): 



[A1%x),Al^{y)\ = -i[g,, 
[B'''{x),B'''{y) ] = . 



id^D{x 



Kd^d^j D{x -y) + i{l-a) d^d^E{x - y) , 

-y) , 



(A.12) 



From this the equations of motion for the asymptotic fields reads 



aB"' 



, 
, 
. 



(A.13) 



It should be noted that the canonical struct ure (|A.12| ) differs from that of the free theory 
in which the equations of motion is the same as ( A.13| ) but the commutation relations is given 
without K\ The Lagrangian leading to ( A.12| ) as well as ( A.13| ) is found as 



K 



a 



^asf. Q^^as ^ _Q^B'''d''B''' + - {B 



yas\2 



(A.14) 



Note the existence of the kinetic term of B. 



A. 2 Wave Functions 

To obtain the LSZ formula, there needs to construct wave functions. When a ^ 1 three sets of 
positive frequency functions {h^.^{x)}, {fka{x)} and {gki^)} must be prepared to meet the 
equations, 

n'^AJx) = , 

^ (A.15) 

nB{x) = . 

Those then must obey 

□/fe/(^) = , (A.16) 

= , 

where k and a denote the momentum and the polarization of photon respectively. An explicit 
representation is obtained by an orthonormal set, 

k ■' 

and by a polarization vector (,a^ip), 

E E =9'" , E ^'^'(P) = Var , (A.18) 

cr=0 r=0 /i=0 
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where diag(j7o-T) = (1; —1; —1; —1); diag(g'^,/) = (1, —1, —1, —1). With these we have 

hka'i^) = \ (^T' {(^°^°"^) fk.'i.^)+9''''fk'{^)] ■ 
Now it is almost straightforward to see that the following relations hold: 

Y.9ki^)9kiy) = iD^^\^-y) ' 

E E E /fe/(^) Skriv) = ig'-'DM^:, - y) , 

k o-=0t=0 
3 3 

E E E ^kA^) Varhkriy) = -iE^^\x - y) , 

ff. a=OT=0 

where (x — y) and D^~^\x — y) are the positive frequency parts of E{x — y) and D{x — y) 
respectively, and 

hkai^) = d^ka^ix) also JkAx) = Vfea (^) • 

(There needs some regularization to define E^'^^ {x — y) because of its logarithmic divergence. 
However this divergence goes out when differentiated with respect to Xj^.) 
There hold additional relations: 

\ ^ (A.22) 

i jd''xgj^*{x)dogi{x) =Sj^i . 

A. 3 Fock State and the LSZ formula 

Before constructing the LSZ formula, we define the creation and annihilation operators, 



fka^ix)doA';f{x) + hk,^ix)d,nA';f{x)] , 

(A.23) 



B% = i jd\gk\x)d^B''\x) 



X) , 

(A.24) 



The asymptotic one-photon states are given by 

\ka-as)^A%J\Q) ; ^|^J0) = , 



(A.25) 

k;as)=B%^\Q) ; |0) = . 
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Those satisfy, by means of ( A.12| ) 



. _ J; (A.26) 
[AZ,Bf]=^Jd'xfL{x)^,gl{x) , 

[ Bl' , ] = i Jd'xgk*{x) dJi^ix) ,[Bl^ , Bf ] = . 

Armed with these we can construct the LSZ formula: to begin with, we rewrite ( A.23| ) as 

"^fc.^ = -i Jd^fkJ'i^) doAt^ix) - (1-a) [hkAx) d,+fk^{x)]B-%x 
= ' jd'x{fj,r{^)doAl\x) - (1-a) [hL{^)d,+fj,^\x)]B^^{ 



(A.27) 



where use has been made of the equations of motion ( |A.13| ). Under the asymptotic condition 

. \t\ — >oo . 

— > A'j^ , we obtam 

A"^^^T{0) - T{0) AtJ = -^ jd'x{fk^^{x)U^T{OA,{x)) 

-{l-a)[hj,„{x)U-+fj,^^{x)dl]T{OB{x 

A°^'T{0) - T{0)A^^^ = I Jd^fkrW^nOA.ix)) 

-{l-a)[hUx)U^+fkri^)dl\nOB{x 



(A.28) 



and 



Bp^T{0)-T{0)B',^^ = -i jd^xgj,{x)U''T{OB{x)) , 
B"^^T{0) - T{0) B'j^ = i jd^xgi.*{x)n''T{OB{x)) . 



(A.29) 



(A.30) 



Taking the vacuum expectation values of ( A.28 ), we obtain the LSZ formulas: 
{Q\T{0)\k<j-in)=i ld^x{ff,^^ix)D^0\T{OA^{x))\0) 

-(1-a) [hkAx)n^ + fk.^i^)d;] {0\TiOB{x))\0)} , 
{ka; out\ T{0) |0) = i jd^x[fkrW" (0| T{OA^{x)) |0) 

-(1 - a) [7^fc/(^)n" + fkn^) dl] (0| T{OB{x)) |0)} , 

and 

{{)\T{0)\kin) =i fd'^xgf,{x)D'' {0\T{OB{x))\0) 

(A.31) 

{kout\T{0)\{)) =i d^xgk*{x)a^ {0\T{OB{x))\0) 

For the case of the Feynman gauge (a = 1), (0| T{OB{x)) |0) terms in ([A .301) disappear, so that 
we have much simpler formulas. 
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B Invariant Regular izat ion and Finiteness for the 
Energy-Momentum Tensor 

In this appendix, we show, although might be well-known as a "common" sense, that naively 
introduced cut-off, 

1 1 / -A2 \^ 

— — > hm — — — , (B.l) 

where is some suitable number to make the whole integral finite, breaks the Lorentz in- 
variance but the dimensional regularization does not; since there seems very few examples for 
demonstrating this "common" sense explicitly. In the subsequent section, finiteness for the 
energy-momentum tensor is argued. 



B.l A Need for Invariant Regularization 

To simplify the discussion, consider the single scalar model described by 



2"M-r" T 2 4! 
^ {d,m - f^'^') - ^ZiZ, - 1)02 - A(Z,Z2 - 1)04 



(B.2) 



where all quantities are renormalized and 

(pbare = ^^0, /i^^^g = Z^fl^, Xbare = Z\\ . (B.3) 

The energy-momentum tensor is, 

0^^ = Z5'^0a> - g'^'' (^I^V^A - Y^Z^cp' - ^Z'Zxcl)''^ . (B.4) 

(For brevity's sake we do not consider an improvement; which accuires importance in the case of 
the trace identity |11|.) By following the standard procedure Q, the Ward-Takahashi relation 
(WT) for the amputated Green's function, F, is found to be 

dir>'''{x; y, z) + idl5^{x - y) r{x, z) + id^b'^ix - z) r{x, y) = , (B.5) 
ik+p)f,r'"'{k,p)+ikT{-p) + ipTik) = 0, (B.6) 



to give 
where 



r^-(x;y,z) = |^^e-'=^e-P^e'(^+P)^r^'^(A;,p) 

r{x,y) = l^^e-^'^(^-y^r{k). 



(B.7) 



With the use of the Feynman cut-off (BJ), r(k) is obtained as 

r{k) = -i{k^ - - [S{k^) + i{Z - l)(fe2 - _ i^2^(z^ - 1)} , (B.8) 
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with 



i\ f dH 



-A2 



-iX 



2 J (27r)4 p-^2\i2_^2 2(4^)2 ^ 



A2 



Put Z = 1 and choose such that S{0) — ifi'^{Z^ — 1) be finite. Therefore 

r{k) = -i{k^ - fi^) - [s{o) - ifi^iz^ - 1)} . 

As for r^^{k,p), since Zx = 1 and Z = 1, 



(B.9) 



(B.IO) 



r^^\k,p) 



t Q 

4^ 



p 





k 



P (B.ll) 



-A2 



2 7 (27r)4Z2 \^/2 _ 

iX f dH It'il-qY + F{l-qY -g^"'l(l-q)+g^"'^J? ( -A^ ^ 



2 7 (27r)4 (/2 _ ^2) [(/ _ _ ^2] \^ P _ ^2 y ' 

where q = k + p. The integral in the first line is just the same as ^(0), then WT ( |B.6| ) reads 

{k + p)^,r^"'{k, p) + ikT{-p) + ipT{k) 



iX 

T^^y (27r)4 



d^/ - qf + /'^(/ - qY - gt'^lil - q) + gi"" ^i'^ ( -A^ 



(/2_^2)[(^_g)2_^2] 

A^ + 0{K'>) / . 



^2- A2 



(B.12) 



1 A2 .ldcao 

4(47r)2 



Therefore WT (|B.q ) cannot be met by the Feynman cut-off scheme ( |B.lD , which implies that 
the translational invariance is broken in this regularization. On the contrary adopting the 
dimensional regularization, we have, instead of ( [B.13| ), 



{k + p)^,r^'^{k, p) + ikTi-p) + ipT{k) 

_ iX f d^^i i^'ji - qY + I'^ji - qY - a^'^K^ - g) + 9''>^ 

~ T^'^i (2^ (/2_^2)[(/_^)2_^2] 



(B.13) 



iX r d^l 



{l-qf 



0, 



2 J (27r)" l(/-g)2-^2 /2_^2 

because of the fact that we are free to make a shift of the loop momentum in the dimensional 
regularization. 

B.2 Cancellation of the Divergence in G^^^'^'^{q, q') 

Finiteness of the energy-momentum tensor has already been proven in and QED is indeed 
the case. To see this, we here show the cancellation of divergences in 



G^'^-'^'^iq, q') = G>t"-^^^{q, q') + GZ'^^{q, q') 



(B.14) 
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Up to the one-loop, in view of Fig.3, it gives 



+ ^X^^>^P{q,q')^^n,M')^,d^''{q') + ^d^''(g)i7,.(g)^X/^— (g, g')^ 
+^d\{qWP''{q,q')d„-{q')^ , 



(B.15) 



whose expressions from the first to the final line come from ( ^!30|) , (|2.42D , and (|2.45D respectively. 
The Lagrangian is now the Nakanishi-Lautrup one in the fully renormalized form, 



^,1 ^ 
'2 



-(Z3 - 1)\f^''F^, + (Z2 - ?-m)V' 
-(Zm - l)Z2mip'ip + (Zi - l)eV'/V' , 
with the relation between the bare and the renormalized quantities: 



(B.16) 



bare 



Z^Af" , Bbare = Z.^~'B , i^bare = ZfV' , 



O^bare — Z^a , Cfe 

The energy-momentum tensor is therefore found as 



rriba 



Zfn.Tn . 
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-FP^'F, 



pa 



-{AP d^B + A" d^B) - g^"" 1 _ APdpB^ 



(B.17) 



(B.18) 

+eZi I ^^(7^^^ + 7''A^)V' - . 

In view of ( p.l5 ) divergences lies in the vacuum polarization, nP'^{q), and n^'^''P'^{q,q'). As 
usual we remove the divergence of i7^'^(g): the photon propagator up to the one loop reads 



Zld^-^q) + ^{g^-q^ - q\-){n{q) - i{Z^ - 1)}^ 



(B.19) 



where n{q) has been given in ( 2.43 ), 



77(g) 



2trl 



-le 



(4vr) 



r(2- -) dx x{l-x) 



m? — x(l — x)q 
in 



2\ 2' 



(B.20) 



Z3 is chosen to cancel out the divergent part of F[{q). While the superficial degree of divergence 
for n^^^''^'^[q,q') is two so that the Taylor expansion in the expression in ( ^.46 ) gives 



^^^u,X-{q, q') = mmP-'^^iq, q') + 0((g, q'f) , 



(B.21) 
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where 0{{q,q')^) is finite. 



Now recall that ( B.15 ) is rewritten in terms of the renormalized form such as 



+ Zl{a q\'-gf^- - q^Xt'^^iq, q') - q'^X'^'^^q', q)}^ 

+ Zlx^^^P{q, q')^{q'^gp„ - q'pq',){n{q') - i{Z^ - l)W{q') 



—I 



,12 



(B.22) 



+ ^d^P{q)[q^gp„ - qpq,){n{q) - i{Z^ - l)]^XP--- {q,q') 



—I 



,12 




where use has been made of the transversal condition of II^'^''^'^(q,q') ( p.47| ) in the final line. 
Note that it has a finite combination n{q) — iZ-^; since 



the first term + the last term = -^i{n{0) - iZ3)X'"'^'^{q, q')^ + 0((g, q'f) . (B.23) 



Therefore there are no divergences in G^^'''^'^{q,q'). 
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